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Abstract
This paper analyzes a model of a competitive asset market in which all the traders have
ambiguous information at the beginning and can choose whether to resolve ambiguity by
acquiring costly information or to remain uninformed with ambiguity. We find that risk-
averse traders consider the opposite probability distribution depending on their information
choice and this leads to multiple equilibria and strategic complementarities in information
acquisition.
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1 Introduction

Information plays a key role in determining traders’ choices in financial markets. Investors always
try to collect more information about future values of assets from various sources for making bet-
ter investment decisions. According to their status or experiences, some traders could have only
poor information about them, while others easily access to core information about future payoffs.
Indeed, some traders depend on public information such as earnings reports, daily news, current
asset prices, and many others, while other traders use private inside information to make portfolio
choices. Practically, some information obtained from doubtful sources may make traders pose ques-
tions about its accuracy. They may have multiple prior beliefs about distributions of assets’ future
values.

In Grossman and Stiglitz (1980), as more traders purchase information, it becomes easier for
uninformed traders to infer informed traders’ information by observing asset prices. This leads to
the decrease of the value of information. However, recent literature shows that asset market equilib-
rium can exhibit strategic complementarity in information acquisition by various reasons. Barlevy
and Veronesi (2000) and Chamley (2007) claim that strategic complementarity in information ac-
quisition is observed in models without CARA-normal specification. They show the existence of
the strategic complementarity by assuming risk neutrality and binomial distributionE] In particular,
Chamley (2007) shows that strategic complementarity occurs due to low confidence level of public
beliefs about an asset’s future payoffs. According to Hellwig and Veldkamp (2009), strategic feature
of information choice depends on actions of traders. In fact, information choice becomes strategic
complement when traders play a game with strategic complementarity and becomes strategic sub-
stitute otherwise. Other studies show that strategic complementarity can occur under the standard
CARA-normal assumptions. Among others, Rahi and Zigrand (2015) show that strategic comple-
mentarity is observed if traders obtain heterogenous information and Mele and Sangiorgi (2015)
show that it arises due to ambiguity about the mean.

This paper shows how ambiguity generates strategic complementarity in information acqui-
sition. Facing ambiguity, would-be informed traders and would-be uninformed traders consider
different probability distributions when they maximize their ex ante expected utility. For would-
be informed traders, minimum variance of the true value is their worst-case distribution since it
makes the quality of information become the lowest. On the other hand, would-be uninformed
traders consider the maximum variance of the true value as their worst-case distribution. This dif-
ference leads to the possibility of multiple equilibria. We find that if the cost of information lies in
some range, both equilibria with strategic substitutability and with strategic complementarity coex-
ist in information markets. Equilibria with strategic complementarity occurs when the proportion
of informed traders is sufficiently low. These equilibria is unstable since when a trader purchases

!Chamley (2008) claims that there is computation error in Barlevy and Veronesi (2000) and strategic complementarity
is not observed in their model.



information, the other traders have incentives to be informed. It is shown that the increase of infor-
mation cost leads to the decrease of the proportion of informed traders in equilibrium with strategic
substitutability and leads to the reverse effect in equilibrium with strategic complementarity.

We also examine the effects of ambiguity on information markets. In the equilibria with strategic
substitutability, as the minimum variance decreases, the proportion of informed traders decreases,
while as the maximum variance increases, the proportion of informed traders increases. In the
equilibria with strategic complementarity, changes of the minimum variance and the maximum
variance reversely affect the proportion of informed traders.

This paper is closely related to Mele and Sangiorgi (2015) in that both adopt the framework
of Grossman and Stiglitz (1980) and attempt to explain strategic complementarity in information
acquisition by using ambiguity. However, this paper is distinct from Mele and Sangiorgi (2015)
in two aspects. First, we assume ambiguity about the variance while they assume that about the
mean. Thus portfolio inertia does not arise in our model and thus we obtain a linear price func-
tion. This makes our analysis simpler. Second, our model elucidates the reason why strategic com-
plementarity in information acquisition occurs under ambiguity. Mele and Sangiorgi (2015) only
show the existence of the strategic complementarity. We verify that the difference in the worst-case
probability distribution between would-be informed and uninformed traders can induce strategic
complementarity.

The rest of the paper is organized as follows. In Section [2] we introduce the model of asset
markets under asymmetric information with ambiguity. Asset price under ambiguity is found in
Section [3] Section[4|analyzes the characteristics of the equilibrium in the ex ante stage. Concluding
remarks are given in Section

2 The Model

The model has three periods, 0, 1, and 2. There are two assets: a risky asset and a risk-free bond.
The (risky) asset gives random payoff &, which is the sum of true value § and noise &: & = 0 + &.
True value 6 and noise ¢ are normally distributed with means ; and 0 and variances o2 and o2,
respectively. We assume that the volatility of the true value is higher than that of noise, i.e., 0 > o2.
The prices of the asset and the bond are given by p and 1 at period 1, respectively. At period 2, payoff
v of the asset is realized and the bond gives payoff 1. We assume that asset supply Z is also a random
variable, which is normally distributed with mean zero and variance 2. All random variables are
mutually independent.

All the rational traders are identical at period 0. They have ambiguous information about o2
with knowing that it belongs to [02, 52] but have exact information about u. We call o2 (52) the
minimum (maximum, respectively) variance (of the fundamental value). In this period, rational
traders should decide whether to purchase information about é at cost ¢ or not. We call rational



traders who have information about 6 informed traders and the other rational traders uninformed
traders. Let A\ € [0, 1] denote the fractions of informed traders. At period 1, in the interim stage,
informed traders observe realization (p,#) of (j,6), while uninformed traders and only observe
p. After knowing true value # of the asset, informed traders resolve ambiguity when they make
portfolio choices. On the other hand, uninformed traders are still under ambiguity. All the traders
have rational expectations so that they understand the functional relationship p between p and
(0, z). We illustrate the sequence of events of the model in Figure

Period: 0 1 2
\ | |
\ \ \
A fraction A of traders pay  Informed traders observe 6. Traders are paid.
c for information about 6. The asset is traded.

Figure 1: Sequence of events

A trader t invests his initial wealth w; between z; shares of the asset and b; shares of the
bond with the budget constraint b; + pz; = w; at period 1. Thus his portfolio (b;, z;) yields wealth
w;, = wy + (0 — p)x; at period 2. Suppose that all the traders have CARA utility function with the
constant degree of risk aversion v > 0: u(w) = — exp(—yw).

For the optimal portfolio choice, informed trader ¢ with initial wealth w solves

max E[—exp (—y[wo — ¢ + (0 — p)@i]) [(5, 0) = (p, 0)]

Z;
and his demand for the asset is given by

0—p

5
Vo

x;(p,0) = 2.1

Let P be the set of normal distributions with mean p and variance 62 € [02,5%]. The mean
and variance under belief 7 € P are denoted by E[-] and Var,|-], respectively. Equipped with MEU
preferences of Gilboa and Schmeidler (1989), uninformed trader « with initial wealth wq solves

max minE; [—exp (—y[wo + (0 — p)Zu))| P = p],

T, wEP

or equivalently,

macxmin [7 (wo b (Balol5 = p] — p) — L2 Var il = p]ﬂ | (2.2

T, TE

The multiplicity of beliefs about o2 posed by a uninformed trader affects both conditional expecta-
tion and variance of liquidation value v given stock price p Thus uninformed trader’s worst-case

2As in Mele and Sangiorgi (2015), ambiguity on y only affects the expected value of v conditional on p.



scenario for the expectation and variance of v cannot be dealt with separately and takes into ac-
count simultaneous effects of probability distribution he may consider on the mean and variance.
From (2.2]), we notice that a uninformed trader who would take a long (short) position considers
a probability distribution which minimizes (maximizes, respectively) E.[0|p = p] and maximizes
Var, [0|p = p] as the worst-case scenario. On the other hand, the uninformed trader does not con-
cern the probability distribution when takes zero position.

Let 7 € P be the probability distribution which minimizes E, [0|p = p| and maximizes Var,[0|p =
p], and © € P be the distribution which maximizes both E [v|p = p| and Var,[o|p = p]|. Provided
that 7 and 7 exist, the demand of uninformed trader u for the asset is given by

E:[olp=p]—p : -
— . if p<Ex[v|p=rp]
yVar; [0]p = p] g ]
zy(p) = 0, if Ex:[0]p=p] <p<Ez[0]p=npl (2.3)
Ex[0]p =p] —p : -
— , if >E7—|—'U = p|.
WVarz[o|p = p] Y blp = rl

One may question the existence of probability distributions 7 and 7. We verify the existence of such
distributions in Section

In the models with ambiguity about mean such as Cao et al. (2005) and Mele and Sangiorgi
(2015), uninformed traders take into account different probability distributions depending on ob-
served prices as the worst-case scenarios and further, they refuse to take positions when asset prices
fall in some intermediate regions. This implies that portfolio inertia arises and uninformed traders
ask ambiguity premium to take positions. Departing from their result, we verify that distributions
7 and 7 are same, implying E;[0|p = p] = Ez[0|p = p| and Varz[o|p = p] = Varz[o|p = p| in
Section [3| As a result, the demand function becomes linear for every observed price without the
non-participation region. This property makes our model more tractable when we analyze infor-
mation acquisition at the ex ante stage in Section

Unlike the model of Mele and Sangiorgi (2015), we find the probability distributions considered
by would-be informed and uninformed traders, which give them the minimum ex ante expected
utilities. Since the would-be uninformed traders take the maximum variance while would-be in-
formed one the minimum variance, there exists strategic complementary in information acquisition.
We discuss about this in detail in Section [4

3 Asset Market Equilibrium

In this section, we consider a rational expectations equilibrium in which the proportion X of in-
formed traders are exogenously given. A rational expectations equilibrium asset price function
p: (0, z) — p satisfies the market clearing condition: for every p = p(6, z),

Azi(p,0) + (1 — N)zyu(p,p) = 2. (3.1
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Following Grossman and Stigltiz (1980) E] we define a compound signal function s : (6, z) — s for
A € [0, 1], which encapsulates ¢ and z:

60— 2% ifAc (0,1,
—z if A\ =0.

5(0,z2) =

Clearly, 3 is normally distributed with mean yx and variance o2 = o2 + v20202 /A2 if X € (0,1] and
with mean zero and variance o2 if A = 0. We define equilibrium asset price function P : s + p
by P(5(0,z)) := p(0,z) and conjecture that P strictly increases in signal s, which is verified by
Proposition [3.1] below.

Proposition 3.1. For every A\ € [0, 1], there exists a unique rational expectations equilibrium asset
price function P, given b
Ps)=1—-a)p+as, VseR (3.2)
where
AAG2 + 72520202 + 420da?)

a= ~ )
A262 + \y2620202 + 2002

Proposition [3.1] shows that the equilibrium asset price is a linearly increasing function of s. Ob-
serving signal s, uninformed traders extract equivalent information about the asset’s fundamental
value to which they could obtain from asset prices. It is notable that uninformed traders refuse to
take positions until observed asset prices are sufficiently low or high.

After observing the signal, ambiguity-averse uninformed traders take the probability distribu-
tion with the maximum variance 52 as the worse case scenario whether they take long or short
positions. On the other hand, in the models of Ozsoylev and Werner (2011) and Mele and San-
giorgi (2015) which assume ambiguity on mean, uniformed traders allow for different probability
distributions depending on their positions.

Since

O (1 =N\ +720202)\y2odo?

—o5 — 22 > 07
/g (A262 + \y2520202 + y20202)

as the maximum variance increases, stock price P response to s more sensitively.

Corollary 3.1. The demand function x,, : R — R of uninformed traders is given by
xy(s) = k(p — s). (3.3)

where
Myo2o?
A262 + \y2520202 + y20l02’
*Mele and Sangiorgi (2015) use a slightly different signal function from ours and Grossman and Stigltiz (1980).

*Note that the equilibrium price function is continuous at A = 0, we can express the equilibrium function by a single
equation although § has different from when A = 0 and X\ € (0, 1].

R =




Note that is just another expression of (2.3)). If observed stock prices are sufficiently low
such that s < p or sufficiently high such that s > p, uninformed traders’ expected utility in the
interim stage is minimized when they take the maximum variance (i.e., a?r = 02 = &%). In other
words, uninformed traders consider the same probability distribution with variance 52 whenever
they take positions. Since distributions & and 7 are equivalent, the size of non-participation region
[Exz[0]p = p|,Ez[0|p = p]| becomes zero. It follows that the uniformed traders’ demand function is
linear with s € RP

Clearly, as maximum variance 2 increases, ~ decreases. Thus, uninformed traders respond
to price signals less aggressively as they face a higher maximum variance. On the other hand,
minimum variance o2 does not affect the uninformed traders’ demand choice.

4 Information Acquisition

In this section, we derive overall equilibrium of the asset market. Facing ambiguity, at the ex ante
stage, rational traders choose whether they are informed or not. We find information market equi-
librium at the proportion of informed traders where rational traders have the equivalent ex ante
expected utility. Finding the equilibrium )\, we put this into the equilibrium price derived in Section
3.

4.1 Information Market Equilibrium

At period 0, all the traders have ambiguous information about the variance o2 of the true value
6. Taking probability distribution which minimizes their ex ante expected utility, rational traders
choose whether to become informed at cost c.
Proposition 4.1. The following hold.

1. The ex ante expected utility of would-be informed trader i is given by

Ui(Nje) =  min  Efu(w;)] = €"u(wo)v/hi(N)

02 €lo?,57]

()\262 + )\72620303 + 7202103)2
[(1=XN)202 4420202 4+ 02| v*abot + (N +120202)% (A% + 120202)52% + 2720202] 52

2. Ex ante expected utility of would-be uninformed traders is given by

Uu(A;e) = min  Ego[u(w;)] = u(wo)y/hu(A)

o2€lo?,52]

>Our result is consistent with that of Ozsoylev and Werner (2011), in which ambiguity on both mean and variance
is assumed. In their model, whenever taking positions, the uninformed arbitrager takes the maximum variance while
considers different means depending on prices.



where =2 2222 2 | 2 4_2\2
(A\G* + My*G°0io; +y70-03)
Xu(N)

hy(X) =
with

Xu(N) = )\464+720303 [2)\252(A62+U€2)+720303{)\264+03 ((2+)\))\62+720302 (52+U§)+U§)}].

Let us define a function of A € [0, 1] given by

€)= Uihie) _ e [Hi(A)

Uu(X; ) hu(N)

The function £(\; ¢) represents the ratio of ex ante expected utility of would-be informed traders
and would-be uninformed ones. Note that 1/£(\; ¢) measures the value of information. Since we
have assumed negative utility function, if £()\; ¢) < 1, ex ante expected utility of would-be informed
traders is higher than that of would-be uninformed ones and if £()\; ¢) > 1, ex ante expected utility
of would-be uninformed ones is higher than that of would-be informed ones. Note that an increase
in information cost ¢ vertically shifts up £(A; ¢). If ¢ is high enough such that {(\;¢) > 1 for every
A € [0,1], ex ante expected utility of would-be uninformed traders is always higher than that of
would-be informed ones. Then all traders choose to be uninformed and equilibrium A becomes
zero. On the other hand, if ¢ is sufficiently low such that £(\;¢) < 0 for every A € [0, 1], ex ante
expected utility of would-be informed traders is always higher than that of would-be uninformed
ones. Then all the traders purchase information at cost ¢ and A becomes 1 in equilibrium.

Unlike the model of Grossman and Stiglitz (1980), {(\;¢) is not an increasing function of .
Indeed, it decreases in A at A = 0 since

9 (n e e R N
OA\hu/)lyog  02(1+7%02(6% + 02))(a? + 02 +1202(0? + 02)?) '
and it increases in A at A\ = 1 by
o (h\| vololo; > 0. (4.2)
o3\l ) |soy ~ @@+ 70207)(5? +1%6%0%07 + 7710?)

Here, we can see the possibility of equilibrium with strategic complementarity in information ac-
quisition, at which even though the more traders become informed, the incentive to be informed
increases.

Proposition 4.1. For \ € [0, 1], function £(\; ¢) is a convex function.ﬁ

Proposition 4.2. If 52 > o2, then £(0;¢) < £(1;¢).

®The proof is available upon request.



PROOF : We have

hi(0) 02(1++%02(0” + 02))
ha(0) — o2 + 02 +7202(5* + 26202 + o2)’
hi(l) o2 +y20lo?
hu(1) 62+ ~20202(62 + 02)’
and
hi(1)  hi(0) 252026t + 02(5% — 02)] + o%(6% + 720la?)
hu(1)  ha(0) [0 + 02 +1202(5* + 26202 + 02)][62 + 720202(02 + 02)]
which is greater than zero when 52 > o2. |

By (4.1)), (4.2) and Proposition 4.1, we obtain the following proposition.
Proposition 4.2. The following hold.
1. There exists unique \ € (0,1) which minimizes £(X; c).

2. The function £()\; ¢) is maximized at A = 1.

—iln hi(})
27" \h(V))’

1 ( o2(1+~2%0%(5% + 02)) )

Let us define

>
1l

€= T2y "\t 02 +~202(c* + 26202 4 02)
1 7° +~%0lo?

c=——1In|( - - .
S et ey

Proposition 4.3. We have ¢ > ¢ > c.

DEFINITION 4.1.

1. The information acquisition is strictly strategic substitute if as more traders become informed,
the value of information deceases (i.e., £'(\;c) > 0).

2. The information acquisition is strictly strategic complement if as more traders become informed,
the value of information increases (i.e., &'(\;c) < 0).

3. The information acquisition is both strategic substitute and complement if a small change in A
does not affect the value of information (i.e., £'(\;¢) = 0).

Proposition 4.4. The following hold.

1. If information cost c is sufficiently low such that ¢ < ¢, there exists a unique equilibrium \* = 1
with strategic substitutability.

2. If ¢ € (¢, ©), there exists a unique equilibrium \* € (0, 1) with strategic substitutability.
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3. If ¢ = ¢, there exist two equilibria: \j = 0 with strategic complementarity and X5 € (0,1) with
strategic substitutability.

4. If ¢ € (¢, ¢), then there exist two equilibria: A} € (0,1) with strategic complementarity and
A5 € (0,1) with strategic substitutability where A} < X3.

5. If ¢ = ¢, there exist a unique equilibrium \* = \ with strategic substitutability and complemen-
tarity.

6. If information cost is sufficiently high such that ¢ > ¢, there exists a unique equilibrium \* = 0
with strategic complementarity.

PROOF : Note that an increase in ¢ shifts up . Further, ¢ decreases in A when A € (0,)) and
increases in A when A € (), 1).
(1) By the fact

L2 e hi(l)_
=y hm !

and the second claim of Proposition[4.2] ¢ < 1 for all A € [0, 1]. Thus, all rational traders choose to
be informed (i.e., A\* = 1). Further, by (4.2), the equilibrium is of strategic substitutability.
(2) If ¢ € (¢, ), we have
£€(0;¢) <1 and £(1;¢) > 1.

Then we have a unique equilibrium \* € (), 1). Since £();¢) increases in A when A € (), 1), the
equilibrium is of strategic substitutability.

(3) At ¢ = ¢, we have

= c hi(0)
£(0;¢) =€’ Bu(0) 1
Since £(0;¢) < £(1; ¢), there exist two equilibria: \* = 0 and \} € (A, 1). Since £(); ¢) decrease in \
at A = 0, A} is the equilibrium with strategic substitutability. Further, it increases in A at A € (;\, 1),
implying that A3 is the equilibrium with strategic complementarity.

(4) If ¢ € (¢, &), we know that £(0; ¢) > 1 and £(); ¢) < 1. Further, £(1;¢) > 1 since £(1;¢) > £(0).
Therefore, there exist two equilibria: \* € (0,A) and A € (), 1). Since £(); ¢) decrease in A when
A € (0,)), A\t is the equilibrium with strategic complementarity. Since £(); ¢) increase in A when
A € (A, 1), A} is the equilibrium with strategic substitutability.

(5) At ¢ = ¢, we have ¢ (;\; ¢) = 1. Since ¢ uniquely has the minimum value at A = )\, we have
the unique equilibrium at \* = ). Since the slope of £()\; ¢) is zero and its sign changes at A, \* is
the equilibrium with both strategic substitutability and strategic complementarity.

(6) If ¢ > ¢, then {(X\;¢) > 1 for all A € [0,1]. Thus, all traders choose to be uninformed
(i.e., A* = 0). Since £(\;c) decrease in A at A = 0, then \* is the equilibrium with strategic
complementarity.



A
0.2 0.4 0.6 0.8 1.0

Figure 2: The ratio £ when ¢ = 0.4, v = 3, 3% = 0.1, 0% = 0.04, 02 = 0.07, 02 = 0.05. We find two
information market equilibria at A\ = 0.0390 and A\ = 0.2707. The former is the equilibrium with
strategic complementarity and the latter is that with strategic substitutability.

A
0.2 0.4 0.6 0.8 1.0

Figure 3: The ratio £ when ¢ = 0.7, v = 3, 5% = 0.1, g% = 0.04, 02 = 0.07, 02 = 0.05. Since £ > 0
for A € [0,1], in equilibrium, all traders become uninformed, in which there is neither strategic
complementarity nor strategic substitutability.
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4.2 Overall Equilibrium

Now, by [3.1]amd we derive overall equilibrium backwardly.
Proposition 4.5. The overall equilibrium is given as the following.
1. If ¢ < ¢, then \* = 1 and the equilibrium price is
P* =0 — o2z
2. If c € (¢, ¢), there exists a unique equilibrium \* € (0, 1) and the equilibrium price is
Pr=(1-a"pu+a*s

where

. _ NG +9%0%020% +9%0l02)

of = :
(A*)262 + A\*y2620202 + 72002

3. If ¢ = ¢, there exist two equilibria: \j = 0 and X5 € (0,1). At X}, the equilibrium price is
P =p—(0°+02)z2
and at X5, the equilibrium price is
P'=(1-a")u+a’s”

where

. _ MN8% +9%5%020% +40la?)

- (X5)202 + N\3y2620202 + 42002’

4. If ¢ € (¢, ¢), there exist two equilibria: A} € (0,1) and A5 € (0,1) where A\] < X5. At A}, the
equilibrium price is
P = (1 - o)+ afs"
where
. _ AM(AG® +1%5%0207 +1P0lo?)
N7 N2 £ Ni4252020% 1 720002

and at X5, the equilibrium price is
P =(1-a3)p+ ajs*

where 2 2=2 2 2 2 4 _2
() K = —
Oé* — >‘2()‘20 +7 0700 _{_,Y O-ao-z)
(A5)267 + M22520202 + 20107

5. If ¢ = ¢, there exist a unique equilibrium \* = )\ and the equilibrium price is given by
Pr=(1-a&"pu+a"s"

where \*(\*52 1 ~A222.2 2 | 2 4 2
_ N (N*G° +y°6°0z0; +vy°0-03)

A262 + A\y2520202 + y20l0?

*

6. If ¢ > ¢, then there exists a unique equilibrium \* = 0 and the equilibrium price is

P* =p—~(a*+02)2

11



5 Conclusion

In this paper, we analyze the model with endogenous information acquisition when ex ante iden-
tical traders initially have ambiguous information about the variance. Facing ambiguity, would-
be informed traders and would-be uninformed traders consider different probability distributions
when they maximize their ex ante expected utility. As the worst case scenarios, would-be informed
traders consider the minimum variance, while would-be uninformed traders consider the maxi-
mum variance. This difference leads to the possibility of multiple equilibria. We find that if the cost
of information lies in some range, both equilibria with strategic substitutability and with strate-
gic complementarity coexist in information markets. The increase of information cost decreases
the proportion informed traders in equilibrium with strategic substitutability and increases it in
equilibrium with strategic complementarity.

The effects of ambiguity on information markets are also examined. In the equilibria with strate-
gic substitutability, as the minimum variance of the true value decreases, the proportion of informed
traders decreases, while as the maximum variance of the true increases, the proportion of informed
traders decreases. In equilibria with strategic complementarity, changes of the minimum variance
and the maximum variance reversely affect the proportion of informed traders.

Appendix

PROOF OF PROPOSITION [3.1]: First, we suppose A = 0. Then the market clearing condition (3.1)
reduces to z,, = z and compound signal 5 is given by 5(6, z) = —z. We conjecture that the equilib-
rium price Py when A\ = 0 is a linear function of s:

Py(s) =p+aps, VseR.

Then information generated by the equilibrium price j is equivalent to that from 3. Let o2 is the
variance of § under probability distribution 7 € P. For every = € P, we have

Ex[0]p = p] = Ex[0]5 = ] = E[v] = p,

Var, [0|p = p] = Var,[0|5 = s| = Var[v] = 02 + o2
Note that E.[0|§ = s] is independent of o2 and Var,[0|p = p] increases in o2. From (2.2)), the
uninformed traders’ problem becomes
1 .

max min ['y (wo + @y (1 —p) — *775121(07% + U?))] .
Ty TEP 2

Allowing for the worse case probability distribution, the uninformed traders set 02 = 52, and their

demand function becomes
~ H—=p
u(p) = ———F __ peR.
u(P) ToTror) P

12



Now the market clearing condition (3.1)) can be written as
_HZP
V(6% +02)
which yields
Po(S) = u+ aps
where ag = (52 + 02).
Now we suppose A € (0, 1]. Then compound signal § is given by

2
5(0,2) =0 — V? .

We conjecture that P is a linear function of s such that
Py(s) = (1 —ax)pu+ays

where

o = AAo2 + 42020202 + 420do?)
A202 + \y2020202 + 720d02
Then information generated by the equilibrium price p is equivalent to that by 5. Since § and © are

normally distributed, for every = € P, we have

_ Yololu+ NoZs
T 252 4 ~25452
ANog +yPogos

= (1 - B?T)M + Brs,

(A.1D)
i L a2(Noz +’0z0207 +1%0la?)
Var, [0|p = p] = Var,[0|s = s] = No? 1 2007
where
_ Moz
Since
OE[0]3 =s] _ Ny’0i0%(s — p)
00T (RoT4ntatod)? a2
OVar, 0|5 = 5] yioSol '
902 (Ra2+Podol?

we know that E,[3|5 = s] decreases (increase) in o2 if s < u (s > p, respectively) and Var[3|5 = s]
always increases in 52 for every m € P. Then we have Lemma A.1.
Lemma A.1. For every 7 € P, the following hold.
1. The conditional expectation E,[0|5 = s| strictly increases (decreases) in o2 if and only if s >
(s < u, respectively).

2

T

2. The conditional variance Var,[0|§ = s| increases in o
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The difference between the conditional expectation E,[0]|§ = s| and asset price p is given by

Ex[0[s=s] —p=(1—=Bx) + Brs — [(1 —ar)p + ans] = (ax — Br)(k — ). (A.3)

Since

2 4 _2(y2 2 2.2 2 2 2 4 _2
)"7 Ueaz()‘ On +y 0,0:0 +ry Uegz)

(N0% +v20202)(N0F + \?0%0202 +v20l0?)

TTETZ

ay — Br =

the difference E;[0|§ = s] — p is higher than zero if and only if s < u, which implies Lemma A.2.
Lemma A.2. For every w € P, the following hold.
1. The inequality p < E;[0|5 = s] (p > E[0]§ = s]) is equivalent to s < p (s > p, respectively).

2. The equality p = E;[0|5 = s] is equivalent to s = p.

Recall (2.3) and we consider three cases: (i) p < Ex[0[p = pl|, (i) p > Ez[0|p = p], and (4i7)
Ex[0]p = p] < p < Ez[o|p = pl.

(¢) Note that p < E;[0|p = p] is equivalent to s < p by the first claim of Lemma A.2. Thus,
probability distribution 7 € P which minimizes E.[0|p = p] and maximizes Var,[0|p = p| takes
the maximum variance 52 by Lemma A.1. Plugging 52 into the uninformed traders’ demand
function (2.3), we solve the market clearing condition for p to obtain the equilibrium
asset price, given by

Py(s) = (1= N)a2Ex[0]p = p] + /\i’Vflrﬁ[f;]ﬁ =)
(1= X)o2 + AVarz[0]p = p]
- e e AAo? +7°5°0202 +7°0to?) (A.4)
7 £ 2520202 + 20k0?! T N £ 002520202 + 420k
= (1 - 04)/1 + as
for s < p.

(i1) Note that p > Ez[0|p = p| is equivalent to s > p by the first claim of Lemma A.2. Thus,
probability distribution 7 € P which maximizes both E.[0|p = p] and Var;[0|p = p]| takes
the maximum variance 52 by Lemma A.1. Similar to case (i), we obtain the equilibrium asset
price, given by

Py(s)=(1—-a)p+as for s> pu.

(731) From cases (i) and (i7), we know Ez[0|5 = p] = Ez[0|p = p| and thus p € [Ez[v|5 = p|, Ez[0|p = p]]
is equivalent s = p by the second claim of Lemma A.2. Solving for p, we have the equi-
librium asset price, given by

P{(s)=pu for s=p.
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From cases (i), (z4) and (i), for A € (0, 1], we have equilibrium asset price function
Py(s)=(1—-a)u+as, VseR
where

o AAG2 + 72520202 + 7202103)'
A262 + A\y2520202 + y20l0?2

Furthermore, since
lim Py(s) = Po(s),

A—01

for A € [0, 1], we express the the equilibrium asset price function as

Ps)=1—-a)p+as, VseR [

PROOF OF PROPOSITION [4.1} (1) Let m; € P be the probability distribution informed trader i
considers at the ex ante stage. Then i’s ex ante expected utility is given by

Ui(w;) = 7rrné191) Ex, [—e 7.

Interim expected utility of would-be informed trader i is given by

2 (A
By (2.1)), we obtain
(6 —p)?* (6-p)?
, _ e _ _
Er, [u(w;)|p, 0] = e"“u(wp) exp [ 0% < S 202
9 o 2
= e"u(wp) exp [—(205)] .

Since E, [Er, [u;(w;)|p, 0]|s] = Er, [ui(w;)|s], we have

2
20

B0}l = (), [oxp - y

o2 m(j%ﬂﬂ—P®V>

Var,, [0|s] 2Var,, [0]s]

(Ex, [0]p, 0] — P(S))Z)

= e"u(wp)

By (A.3),

a— Br)?
Ex, [ui(w)|s] = ewcu(wo)\/aexp <_§VEU”7T.6[Q~;’)8}(M — s)2>
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where

)\202 +720§a§

gm )\2 2 +’Y +72 4 2’
)\2 2

P = 3202 +'y2a

Let (0%,)? denote the variance of compound 51gnal s under probability distribution ;. We define

fri(s) =

\/%US P (‘ (2S<;;S)2 ) '

For a given 02 € [0?, 5%, the would-be informed trader i’ ex ante expected utility is

Blu(w)] = “ulun) Ve, [ exp( a=fn) —m?) o (5)ds

Nar, ol
—e \/g/ o - (are i * 7o) 7]

= e"u( \ﬁ 3 eXp [— <(a = ) (ow, )" + Var, [17|s]) (s — u)2] ds

\/27r05 2(03,)?Vary, [0]s]

2
0¢

- 6%“(“}0)\/@ 5o, Var, ol
= e”cu(wo)\/him

where
. (A252 + \2520202 + 420%02)?
T XZ

with
X, =[1- 2)2o2 T+ Yiolo? + o ] Yoot + (X +420%02)? [()\2 +~%020)5% + 240 ] a2,

Since h,, decreases in o2, and u(wg) < 0, the would-be informed traders’ ex ante expected utility
is minimized at 02 = o2 and is given by

U;(\) = eu(wo) v/ hi. N

(2) Let 7, € P be the probability distribution would-be uninformed trader u considers at the ex
ante stage. Then u’s ex ante expected utility is given by
Uu(wy) = min Ex, [—e™7"].

Interim expected utility of would-be uninformed trader w is given by
Er, [u(wa)[3] = = exp | (w0 + 2o (Ex, [615] ~ p) — Sa2Vary, [613]) |

2
= u(wo)Er, [GXP (_§U(:U - 5)2)]
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where

Let us define

bt = e (5

where )4y
S ")/ UE UZ
(O—Tru)2 Jiu )\2 N
For a given o2 € 02,57, we have
Blu(wn)] = u(u) [ exp (~6uln~ 97) fr(s)ds

~u(wg) [ 1+ 26,(05,)?

— oy /_OO exp [2
u(wo)

V1+2,(05)?

= w(wo)y/hn,

where
(A\e? + \?5%0202 + v%0l02)?

hr
u Xu

with

X, = Mot y202602 20262 (Ao +o2)+y 0202 N2at + o2 {4 a2 - (2_)‘)>“772ru %0202 (252_072ru +o)+02}]].

2

T

Since h;, increases in o7 and u(wp) < 0, the would-be uninformed traders’ ex ante expected utility

is minimized at 02 = 52 and is given by

Uu(\) = e"u(wo) v/ ha. N
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